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The equilibrium configurations of a liquid spreading on a rough solid surface are
derived by making expansions in terms of the characteristic slope ¢ of the surface
roughness, which is assumed to be very small. It is also assumed that the microscopic
contact angle is a constant and that the liquid—air interface is planar at large distances
from the contact line. Expressions for the value of the macroscopic contact angle and
a discussion of the existence of contact-angle hysteresis and of stick-jump behaviour
of the contact line are given for (i) surfaces with parallel grooves, (ii) surfaces with
periodicity in two perpendicular directions and (iii) general non-period surfaces.

1. Introduction

It is known that the roughness of a solid surface has an important effect on the
spreading of a liquid on that surface. For example, certain types of roughness can
have a strong directional influence on spreading, as has been demonstrated
qualitatively by Trillat & Fritz (1938), Parker & Smoluchowski (1945), Bikerman
(1950), Bascom, Cottington & Singleterry (1964), Oliver & Mason (1977) and Oliver,
Huh & Mason (1977). A simple relation between surface roughness and the value of
the contact angle (defined as the angle between the solid-liquid and liquid—-air
interfaces) was derived by Wenzel (1936) using an energy-conservation argument.
However, he assumed that the value of the contact angle was a constant independent
of the motion of the contact line (defined as the line where the liquid-air and solid
surfaces meet), whereas it is well known that for an advancing contact line the value
of the contact angle is greater than that for a receding contact line. This phenomenon,
known as contact-angle hysteresis, may result from the roughness of the surface or
from variations in the chemical nature of the surface from one position to another.
Johnson & Dettre (1964) and Huh & Mason (1977a) examined the possible axisym-
metric equilibrium positions of a drop resting on a horizontal surface with roughness
in the form of a series of concentric circular grooves. They showed that if the local
microscopic contact angle (i.e. the angle between the local solid-liquid surface and
liquid—air surface at the contact line) was taken to have a constant value a,, then
there are in general many possible equilibrium positions of the drop. They deduced
that this would result in contact-angle hysteresis:and also that the forward or
receding motion of the contact line would not be steady as the drop volume was slowly
increased or decreased. Instead the contact line would progress in a series of jumps
in a stick—jump behaviour. The details of what happens during such a jump is not
predicted by the theory since fluid-dynamical effects must be important during the
actual jumping process as the drop passes through non-equilibrium configurations.

The question arises as to what happens when spreading occurs on more general
types of rough planar surfaces. It is this which we will attempt to answer in the
present paper. We will assume, as did Huh & Mason (1977 a), that in the spreading
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process the microscopic contact angle has a constant value o,. However, in making
this assumption it must be admitted that it is not known whether on a perfect surface
which is flat and smooth and shows no chemical heterogeneity the contact angle takes
a unique value. It has been suggested (Schwartz 1980) that an intrinsic contact-angle
hysteresis may exist on even such perfect solid surfaces, while other authors (Huh
& Mason 1977a) believe that no hysteresis would be evident should the maximum
lengthscale of the roughness be less than some critical value. Whatever the true
situation may be, the assumption of a constant microscopic contact angle is
convenient for examining the effect of surface roughness.

As the contact line is made to move very slowly on the rough surface, we will
calculate the possible equilibrium positions of the liquid—air surface and of the contact
line. In particular, we calculate the value of the macroscopic contact angle £, defined
as the angle between the mean solid surface position and the liquid—-air interface at
a distance far from the contact line where the liquid—air interface is assumed to be
approximately planar. The way in which the values of this macroscopic contact angle
varies with mean contact line position as it slowly advances or recedes may then be
related to contact angle hysteresis and the stick—jump behaviour (Huh & Mason
1977a). Thus by finding only equilibrium positions we avoid the problem of the
singularity in fluid flow stress which exists at a moving contact line even for spreading
on a smooth solid surface (Dussan V. & Davis 1974; Hocking 1976, 1977; Huh &
Mason 1977b; Dussan V. 1979).

Since it is very difficult to find the equilibrium shape of the liquid—-air interface
and the contact-line position for a general rough surface, we will assume that the
characteristic surface slope € of the roughness is small, and will make expansions in
terms of this parameter. Huh & Mason (1977 a) made this same assumption for a drop
of fixed volume resting on a rough solid surface, but were unable to find more than
one possible equilibrium position of the system. The reason for this, as will be
explained in detail in the conclusion of the present paper, is due to the fact that for
many possible equilibrium positions to exist we must have eR » I, where R? is the
drop volume and ! the characteristic wavelength of the surface roughness (i.e. the
characteristic lengthscale of the roughness measured parallel to the surface). Thus,
since Huh & Mason (1977 a) considered the limit of e >0 with {/ R fixed, this condition
is violated and so only one equilibrium position can be found and there can be no
possibility of contact-angle hysteresis. In the present paper, however, we consider
the situation in which, at large distance from the contact line, the liquid—air interface
becomes planar so that we are considering drops of infinite size for which I/ R is zero.
For such a case, the condition ¢R > [ is satisfied for any non-zero value of ¢, however,
small, so that many equilibrium positions can be expected.

The importance of an investigation into the effect of various types of surface
roughness on the value of the macroscopic contact angle can be seen by considering
spreading on a parallel grooved surfaced with surface elevation z given by

. 2max*
z = edsin

(1.1)

where the rectangular coordinates (x*, y*) are defined parallel to the mean solid
surface. When the contact line is parallel to the grooves (figure 1) the liquid-air
interface is exactly planar so that the macroscopic contact angle £ is therefore given

by dz 2rd  2nx}
/S’=a0—-a—x—*=a0—eTcos—a—°, (1.2)

where z¥ is the value of 2* at the contact line.
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{ a i Solid
Fieure 1. Liquid spreading on a solid surface with elevation z given as a funetion of position
by (1.1). Contact line is parallel to the groove direction.

A

Fiaure 2. Value of macroscopic contact angle 4 as a function of contact-line position zy for the
spreading situation shown in figure 1.

Thus £ is an oscillatory function of zg, so that if the contact line is advanced by
increasing the liquid volume (which means that # cannot decrease) then on the
(z*, B)-diagram shown in figure 2 we move from A4 to B with the contact angle
increasing from 8, = a,—e(2nAd/a) at 4 to f, = ay+¢e(2rnA/a) at B, while the contact
line moves only a small distance }a. Since there is no equilibrium with g > g,, the
contact line jumps from B to B, sticks at B,, then jumps from B, to B,, etc. If at
C the liquid volume is reduced, we move from C to D with f# changing from g, to
B: and the contact line only moving a small distance 3a. At D there is a jump from
D to D,, where it sticks, followed by another jump from D, to D,, etc. Thus we form
the closed hysteresis loop ABCDA with advancing and receding contact angles 8,
and g, respectively. Thus we have both contact-angle hysteresis and the stick—jump
phenomenon similar to that described by Huh & Mason (1977 a). However, when the
contact line is in any direction other than parallel to the grooves, then each
equilibrium position is seen to be geometrically the same as any other (see figure 3)
so that the value of the macroscopic contact angle # would be independent of
contact-line position, indicating no contact-angle hysteresis. Thus this example
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Solid

Fiaurk 3. Liquid spreading on a solid surface with elevation z given by (1.1) and with the
contact line making a non-zero angle with the groove direction.

illustrates that one can have surfaces that exhibit contact-angle hysteresis only for
certain contact-line directions. It is of interest to know how general this type of
behaviour is.

Thus, after describing the general theory in §2, we discuss in §3 spreading on
surfaces for which there is periodicity along the contact line (such as would occur for
the surface given by (1.1)). This is extended to spreading on surfaces with periodicity
in two perpendicular directions in §4, and to surfaces with non-periodic roughness
in §5. Finally, in §6 the connection between the results obtained and Wenzel’s (1936)
relation is discussed. In addition expressions are obtained for the energy released
during any non-equilibrium jump of the contact line.

2. Theory

The spreading of a liquid on a rough solid planar surface is considered for the
situation where the characteristic height A of the roughness is very much smaller than
the roughness wavelength [ (defined as the characteristic distance between roughness
elements measured parallel to the surface). Thus, by taking a set of Cartesian axes
(«', y’, ') with the 2’-axis perpendicular to the mean position of the solid surface (and
directed away from the solid), the surface roughness of the solid may be expressed as

7YY
(7 %) @
Thus, if dimensionless coordinates (z, y, z) are defined using ! as the characteristic
lengthscale so that z Y v
l‘=7, y=7, Z=7, (22)
the surface elevation given by (2.1) may be written as
z = ef(z, y), (2.3)
where { is of order unity and where the characteristic surface slope
h
e=-<1. (2.4)

l
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Fiourk 4. Definition of axes for spreading on a plane solid surface (for which ¢ = 0).

We suppose that the liquid-air interface of the spreading liquid moves so slowly that
the interface moves from one static equilibrium position to another. Furthermore,
as mentioned in § 1, we assume that the liquid—air interface is planar at large distances
and also that the contact angle between the solid and liquid—air interfaces at their
line of intersection (the contact line) i§ a constant a,. The value of this constant «,
should differ from both 0 and & by an amount large compared with € since otherwise
the contact line will no longer be a sihgle almost-straight line, there possibly being
islands of solid surface appearing through the liquid-air interface.

When the solid is smooth (i.e. when ¢ = 0) the liquid-air interface is a plane which
makes an angle a; with the solid surface. Without loss of generality, we take the y-axis
in the solid surface parallel to the,contact line, which we suppose is at x = z, (see
figure 4). A new dimensionless set of coordinates (X, Y, Z) is then defined with origin
on the contact line x = r, and X-axis along the liquid—air interface perpendicular to
the contact line. The Z-axis is then taken to be perpendicular to the liquid—air
interface and directed into the liquid (so that the Y- and y-axes are then parallel).
The (X, Y, Z)-coordinates are then related to the (z, y, z)-coordinates by the relations

X = —(r—xy) cos ay+2zsin ey,
Y=y, (2.5)
7 = — (x—x,) sin oy — 2 oS at.

For a rough solid surface for which € is small but non-zero, we determine the
position of the liquid—air interface as an expansion in terms of the small parameter
€ as

Z=¢f,(X, Y)+e¥o(X, V) +.... (2.6)

There can be no terms in €® in this expansion since as ¢ >0 the liquid-air interface
is expected to tend to Z = 0, the solution for the smooth surface. Since this liquid—air
interface is assumed to tend to a planar surface at large distances (i.e. as X - o0),
its equilibrium shape is such that the pressure difference across it is everywhere zero
(assuming that the effect of gravity is negligible). Thus the liquid-air interface
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Fi6UrE 5. Definition of axes for spreading on a general rough solid surface. ng and ny, are respectively
the unit normals to the solid and liquid interfaces at the contact line. «, is the microscopic contact
angle and f# the macroscopic contact angle.

Z =Z[X, Y] given by (2.6) must have zero curvature (i.e. zero invariant of the
curvature tensor) for all X, Y, so that

i{_afé+ﬂ}_i{(%)2ﬂ+ %%az_z+(%)2%}_o 2.7

H|lcX? 0Y? H3\0X/ 0X? 0X0Y 0XaY " \oY/) ox*f D
0Z\* AZ\}

where H = {1+<a—X> + (W) } .

Substituting the expansion (2.6) into this equation and equating like powers of ¢, we
find that f,(X, Y) and f,(X, Y) satisfy

Oh Oh_o Zh_ Th_
he oo o 0. (2.8a, b)

X2 " oYr

At the contact line (see figure 5), where the solid surface (2.3) and liquid-air
interface (2.6) intersect,

— (x—x,) sin ay—el(x, y) cos a,
= ef\{— (x—xy) cos ag+€f(x, y) sin ay, y}
+ e { — (x — ) cos ag+el(x, y) sin a, y}+ ..., (2.9)

where use has been made of the transformation (2.5). This equation (2.9) may be
considered as giving the position z of the contact line for each value of y. Since the
contact line is at x = x, when ¢ >0, we assume the solution of (2.9) to be of the form

x = xy+€9,(y) +e2g:(y)+ ... (2.10)

By substituting this value of z into (2.9) and expanding {(x, ) in a Taylor series about
x = x,, we see, by equating like powers of ¢, that g,(y) and g,(y) are

1

916) = = 7 fo(0, )~ cot % (., (2.11)
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04(0) = = 53 H0.9) — e ) + 08 500, 9} (0.9)
cos &, 6§
sin® & {cos ay &%, y) +£1(0, )} e > (Zg, y). (2.12)

The surface elevation z at the contact line is e{(x, y), where z is given by (2.10)-(2.12).
Thus, by expanding this for small ¢, we find that at the contact line

z = eh,(y)+ethy(y)+ ..., (2.13)

where M) = Loy, 219
1 0

Bl0) = = G h(0.9)+ cos ao Ll Y g (o ) 2.15)

Since the contact angle is assumed to take the constant value a,, it follows that
ng-ny, = cos a, (2.16)

at all points on the contact line where ng and n;, are unit normals to the solid and
liquid-air surfaces respectively at the contact line, both directed towards the air (see
figure 5).

The unit normal ng to the solid surface (given by (2.3)) has components

(M55, Ny, Nsz) = [1+< ag) < a§> ]_< egg _e% +1> (2.17)

relative to the (r,y,z) axes, while in a similar manner the unit normal n;, to the
liquid—air interface (given by (2.6)) has components

= o e )2 <af1 2 e )2]_‘%
("LX,nLY,an)—I:1+<aX+ aX+... + 57 +68Y+“'

<+e af)l{+e2%(+ , +e af;,+ 2 gf;’ +..., —1) (2.18)
relative to the (X, ¥, X)-axes. By expressing ng in terms of this same set of axes and
substituting into (2.16), we obtain the boundary condition for the liquid—air interface
that is to be applied at the contact line at which for each value of y,z is given
by (2.10)—(2.12) and z by (2.13)—(2.15). This boundary condition is then converted
to one at the line X = Z = 0 (or x = %,z = 0) by expanding all quantities as Taylor
series about this position. Thus, after a lengthy calculation, we obtain upon equating
like powers of ¢, the boundary conditions for f, and f, to be applied at X = 0 as

% %

SR} (2.19)
o 1 ’ L o
E)X S_IIITOf oa A2 (x05 ) cot aO g(xo’ y) axz (xO’ ?/)
Sh 1 &h
cot “°f1X_oaX2 oo En 2 &(xo )aX2
1 afl fl

aC 2 1 2
1 ]
_0+2 cot “"{ay (g, y)} +1cot a“{aY } . (2.20)

sin aoay( » )6—}7
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Thus, for any rough solid surface for which {(x, y) is known, the shape of the liquid—air
interface (2.6) for any z, is found to order € by solving (2.8a) with boundary condition
(2.19) and to order €% by solving (2.8b) with boundary condition (2.20).

3. Roughness periodic along contact line

As an example we consider a rough solid surface in which the elevation {(z, y) is
periodic with period b along the line X = Z = 0 (i.e. on = x,, 2 = 0), so that in the
neighbourhood of the contact line {(z, y¥) may be expressed as the Fourier series

6,9 = 5 {pa(@) sin T 14, 2) cos T} 1 gy(a), 3.1)

n=1
It is therefore expected that the shape of the liquid—-air interface would also be

periodic in the Y-direction with period 6. Thus f; (X, Y) in (2.6) must be periodic with
period b whilst also satisfying (2.8a). 1t is therefore of the form

o

Y 2
X, )= 3 {An sin 2—“[)"; +B, cos —’ib’ﬂ} exp (— 2“ZX> +DX+E, (3.2
n=1

where A4,, A,, ..., By, B,, ..., D and K are constants.

The term DX must be retained since we want to allow for the possibility of the
macroscopic contact angle 4 (i.e. the angle between the liquid—air interface at X > oo
and the mean solid surface) being different from the value a, for a smooth surface.
Since the liquid air-interface is given by (2.6) with f; determined by (3.2), it follows
that to order ¢*!,

p=a,—eD+.... (3.3)

However, without loss of generality, we may take
E=0 (3.4)

by suitably defining the value of z, for each liquid—air interface (see figure 5). By
substituting the values of { given by (3.1) and f; given by (3.2) into the boundary
condition (2.19) and equating Fourier coefficients, we obtain the values of the
unknown constants in the expression (3.2) for f,(X, Y). In this manner, the
configuration of the liquid—air interface is obtained correct to order ¢*! as

® 2
Z = e[_ L3 3 1 {P;(xo) sin 2“:}7 + g (x,) cos n:

X exp (— 2“:X> + i) X] 4., (3.5)

where primes denote differentiation with respect to x. The macroscopic contact angle

is thus ,
B = ag—eqo(xe)+ ... (3.6)

From the expres‘sion (3.1) for the surface elevation, it is observed that the value
(08/ )|, — 5, of 0§/0x averaged along the line x = x, is go(%,), so that the macroscopic
contact angle # may be expressed alternatively as
oL
ﬂ=a0—e£ +... (3.7)

Z=1z,
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If the values of f,(0, y) obtained from (3.2) and of {(z,, y) obtained from (3.1) are
substituted into the expression (2.11) for g,(y), the position of the contact line given
by (2.10) is found correct to order ¢*?! as

5 b ’ . 2nn
T x"*"‘[ z {(Wf’n‘m—cot %an)) sin =
Nn=] 0
’ 2nn
(21tn sin a, (o) —cot g qn(x0)> cos — y} —go(xy) cot ao] +.... (3.8)

In order to obtain the value of the macroscopic contact angle # correct to order
€%, it is noted that since f, satisfies the same equation as f, (see (2.8)) and must be
planar as X - o0, the form of f, must be the same as f,, so that

w 2nn Y 2nnX
WX, V)= 3 {P,, sin“T" +Q, cos2—n:—)—’}exp(— “Z >+RX, (3.9)
n=-1

where P, B, ..., @,, @,, ..., R are constants. The value of the macroscopic contact
angle is then B = ay—eqy(x,) —€*R+.... (3.10)
From (3.9) it is observed that the value of R may be expressed as

r s (3.11)
which, from the boundary condition (2.31), may be written as
E= " bsina, ,[ Alx-a 22§(x°’ y)dy— “ %J. C 22i( o, y) dy
cot 2y j Flxeo 2 )J; ~ e Og( 9) 22;;; K"
mﬁ:%( o y)giil’x_od“ e {gj(‘”‘” )} dy
[, e (3.12)

Substituting into this expression the values of  given by (3.1) and of f, given by (3.2)
with the known values of the constants, and performing the integrations, we obtain
after a lengthy but straightforward calculation

b
_ 1 2 2( 12 —
R=—}cota, Z {(pn (g% }+ COt %o nz-:_l{" (Ph+gn)} + 47 sin a,

e o]
X Zln“(p;p’,’ﬁq;q;)—%cotao Zl(pnp22+qnq;’,)—cotao(qoqi{), (3.13)
n - n=

where p,,, Dn, Prs Gn> Gn» 4y are all evaluated at x = x,. Thus, from (3.10), it is seen
that the macroscopic contact angle is

[=2)
B =ao—cgitet [ heot oy T (@0 +a)")
n=
(X)

2 )
—meotay T {n*(ph+qh)}—

L < S +
b n=1 41tsma0n L (Pn Pt 40 Tn)

@
+icotay T (pnPntqngn)+ecot aolgo q(;’)] +O(é%). (3.14)
n=1
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Fiaure 6. Definition of axes (z, ¥) and (z*, y*) in the plane of the rough solid surface. The
liquid side of the contact line is to the lower left.

Mean contact-line position

As a specific example of a surface for which {(z, ¥) near the contact line is of the
form (3.1), consider a sinusoidal parallel grooved surface with

*
¢ = 4 sin 2%

(3.15)

relative to a fixed set of coordinates (x*, y*, z), where x*, y* lie in the surface, with
the y* axis parallel to the grooves. Then if the mean contact line makes an angle
with the groove direction, and if (z, y, z)-axes are chosen as before with the y-axis
parallel to the mean contact-line position x = x,, it is observed that (see figure 6)

* — — 9 si
z x cos §—y sin 0,} (3.16)

y* =xsin f+y cos 0.
Thus, by substituting into (3.15), we obtain

in 0 9 .
¢ = Asin <21t cos 0x> cos <2Tc sin y) 4 cos< T cos 0x> sin <21t sin 0y>. (3.17)
a a a a
This, when compared with (3.1) with b = a/sin 8, gives for 8 + 0

2
Py(x) = — A4 cos (_ncf:)sﬁx)’ ¢1(x) = — 4 sin (Mx>, (3.18)

a

with all other p,(x) and ¢q,(x) zero; and for # = 0

go() = 4 sin (%x) (3.19)

with all other p,,(x) and ¢, (x) zero.
When the mean contact line position is not parallel to the grooves (i.e. when 8 * 0)
the value of the macroscopic contact angle given by (3.14) is

€2A2 2

B =a,— a2" cot o+ O(€%), (3.20)
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Fieure 7. Contact-line positions (projected in the (x*, y*)-plane) for the surface with dimensionless
elevation { given by (3.15) with e4/a chosen to be 0.0278. For (@) the microscopic contact angle
2ty = 30°, while for (b) @ = 150°. Situations for which the mean contact-line orientations are & = 30°,
60° and 90° have been plotted. The liquid side of the contact lines is to the lower left.

while the contact-line position to order ¢*!, determined by (3.8), may be expressed

as
2 2 3 *
(cot? G+ cos® ay) sin {21tax0 _tan_l(cot 8)}’

z=1x—€A ;
sin a, cos a,

(3.21)

where xf = x, cos 0 —y sin 6 is the value of z* at the mean contact-line position
x = z,. For 0 < 6 < In, the value of the function tan™! appearing in (3.21) must be

chosen to be in the interval (0, ). From these results it is seen that the following
hold.

(i) There is no contact-angle hysteresis or stick—jump phenomenon since £ is
independent of contact-line position (i.e. it does not depend on z,). This result was
to be expected since all contact-line positions are geometrically equivalent.

(ii) For a microscopic contact angle a, < 90° the value of the macroscopic contact
angle f# is independent of contact-line orientation ¢ and is less than that for a smooth
surface by an amount of order €% For a, > 90°, however, the value of f is increased
by an amount of order ¢2.

(iii) When the mean contact line is perpendicular to the grooves (i.e. 8 = 90°), the
contact line advances ahead of its mean position in the troughs for a, < 90°, but
advanced ahead of its mean position at the crests for a, > 90°. However, when the
angle ¢ the contact line makes with the grooves is reduced, the positions of maximum
contact-line advance move towards the points of maximum uphill slope of the solid
(i.e. the points on the contact line where 0{/0x is a maximum). This is true whether
a, is smaller or larger than 90° and is illustrated in figure 7.

(iv) As 60 (i.e. when the contact line is almost parallel to the grooves), the
wavelength a/sin @ of the contact-line shape tends to infinity. Since this is also the
lengthscale of the disturbance along the liquid-air interface in the X-direction, it
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follows that the smaller the value of 8, the farther away along the liquid-air interface
from the contact line one must go before it becomes approximately planar.

(v) The amplitude of the contact-line shape also tends to infinity (being =~ €A
cot 6 ~ €4/6) as 0. Since for the validity of the theory this must be very much
smaller than the lengthscale a of the solid-surface roughness, we require

0> eA/a, (3.22)

which implies that # must be much larger than the maximum slope angle of the
roughness.

When the contact line is parallel to the grooves (i.e. when 6 = 0), so that p,(x) and
¢.(x) are given by (3.19), the value of the macroscopic contact angle given by (3.14)
is

B = a0_€21;A cos(%:cO) + O(e?), (3.23)

while the contact-line position (given by (3.8)) is
x = x,—€A cot a, 8in (%’txo> + O(e?). (3.24)

Thus we observe for this case § = 0 that the following hold.
(i) There is contact-angle hysteresis to order ¢!, with the advancing contact angle
B, being the maximum value of £, namely

onAd
ﬂa=ao+€—1; . (3.25)

and the receding contact angle g, being the minimum value of #, namely

Pr=otg—e——. (3.26)
(ii) The stick-jump phenomenon will occur, with forward jumps at
(2n/a) xy = (2r+ 1) & for an advancing contact line, and receding jumps occurring at
(2n/a)xz, = 2rr for a receding contact line (r is any integer).
(iii) The contact line is straight, as one would expect.
These results are in agreement with the remarks made in the introduection concerning
this case.

4. Doubly periodic rough surfaces

From the results obtained in §3, it is observed that the behaviour and movement
of a contact line on a parallel grooved solid surface is very much dependent on its
orientation relative to the grooves. In order to see how general this type of situation
is, we now investigate spreading of a liquid on a solid surface which is periodic with
period a in the z* direction and periodic with period b in the y* direction so that
¢(x*, y*) may be expressed by the double Fourier series

x 2 . 2mma* | 2mny* . 2mmx*  2mny*
(=3 X {amn sin 2 gin <Y +b,,, sin M cos =Y
m=0n=0 a b a b

2 * 9 * ) * *
+ Cypp COS n;nx sin n;:y +d,,, cos an cosznzy }, (4.1)
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in which, by a suitable choice of origin of the (x*, y*, z)-coordinates, one may take
d,y, = 0 and therefore omit the case m = n = 0 from the double summation. In terms
of the (z, y, z)-coordinates used previously, this value of {, by the use of (3.16), may
be written as

g = E E {Pmn(x) sin 2n¢mn y+an(x) co8 2n¢mny

m=0n=0
+ P (@) S0 200 1y 4+ @i (%) 008 2T 9}, (4.2)
where
Pran(@) = Y+ ) 80 208 2 — b — i) €08 2y 2, \
Pmn(x) = _%(—amn'i'dmn) sin 2nanx+%(bmn +Cmn) cos 27ern Z,
and
msinf ncosd msinf@ ncosf
wmn = a b > '»[;mn =- 2 b s
. . (4.4)
mcos msinf n mcosf mnsind
Xmn = a b s Xmn = a - b

The value of the macroscopic contact angle # for a mean contact-line position at
x = x, may be determined for this surface in a manner analogous to that discussed
in §3 for a surface with a periodic variation along the contact line with ¢ given by
(3.1). Thus, in the present case, we take the value of f, to be

F V)= 8 5 [ Ay sin 2, + By 008 2my ¥ exp (—2rly,,|X)

m=0n=0
+{Appsin2n ., Y4 By, cos2mif,,, Yiexp (— 20,1 X)1+ DX, (4.5)

with f,(X, ¥) given by a similar expression. In repeating the analysis of §3 for this
situation, care must be exercised since certain cases, for which ¢ and f, take special
forms, must be examined separately. These exceptional cases are as follows.
(@) Values of 6 for which
Na

mn0=ﬁtjﬁ, (4ﬁ)

where N and M are positive integers (¥ 0), since there are then values of n and m
for which either ¢,,, = 0 or ¢,,, = 0.

(b) 6 = 0 and 6 = Ix for which ¥, = ¥rur OF Vinn = =V mn-

In addition, terms for which either m = 0 or n = 0 in the double sums in (4.2) and
(4.4) must be considered separately (since these give ¥, = ¥z OF Yinn = — Vma)-
Thus after a lengthy calculation, we obtain for the general case for which
tan 6 £ Na/Mb for any positive integers N and M (and 6 % 0 or {n), the value of
the macroscopic contact angle S as

12,2 S 20, d2 o 2m? b2 4 2
B = a,—in’e* cot a nz_l‘b—z(%n"' on) + mZ-I?( o+ o)

[o0] o o] 2
+ X3 (ﬂ+iz>(a3n,,+b3,,,,+cfn,,+d3n,,)], (4.7)

2 2
m=1n=1\0 b
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with the contact-line position (to order ') being given by (2.10) with
1 [ ® ® {( — (m2b%+ n%a?) sin 6 cos 0)

g = T (n%a?® cos? O —m?h? sin? §) 1
mnab

SIN %o Ly =0 n=0

* * * * *
2nmag sin 2nnyy d, . sin 2nma cos 2nny] 2nma
a b a b
2nmad cos21‘my(’,"> ( mnab >

b — (m??+n%a?) sinf cos 6,

X (—Cmn sin +a,,,cos

2nnyg
b

X sin +b,,, cos

2nmay

. Zromad | 2mny¥ . 2mmay 2nnys
X (b,,m sin — % sin b?/o — @y SIN % cos b?/o +d,,, cos
a

. 2nnyg 2nmaxy 2nnyg *x X . 2mmaf
x sin 240 —Cpyp COS 0 cos oYL | cot, a| £ X (ay,,sin ¢
b a b m=0n=0 a

2n:y3‘ 2nmax cos 2n:y3‘

* *
X o8 ZRZMO cos 211::3/0 >] . (4.8)

The upper and lower terms that appear in the expressions

(— (m?b% + n2a?) sin 6 cos 0) ( mnab )
M _ ( 0

mnab m2b%+n2a?) sin 6 cos

2nmxy | 2mny¥
0 Yo
sin—

x sin +b,,, sin +Cppn COS +dopn

are taken according to whether the value of n/m is less than or greater than
(b/a) tan 6. The quantities 2§ and yf are the values of z* and y* respectively,
evaluated on the mean contact-line position x = x,, so that

xy =xgco80—ysinf, yF=x,sinf+y cosb. 4.9)

For the particular situation where tanf = Na/Mb, with N and M as positive
integers, the values of £ and g, may be obtained as

2.2 22\ M 2,2 2\3
en(N%a®+ M?b?) [E p{(a’rs_drs) Sin2np(Na + M*b2): x,

A== ab p=1 ab
2np(N?a? + M2b2)t
+ (b, s +c¢,,) COS p(N7a > X xo}] +0(e?) (4.10)
0 0 — 252 2,2 1
gy = — 1 [  (n%a? cos? O—m?b? sin? 0)_1{< (m?b®+n2a?) sin @ cos 0>
Sin &gl monao mnab
* * * * 2 *
X ( —Cppp SN 2mmaz sin 2nnyg ~dp, 8in 2nmag cos 2nnyq + @y, COS Ty
a b a b
. 2nny¥ 2nmay 21my(’,"> ( mnab >
X sin 5 +b,,, cos cos — +{ (m?b*+n?a?) sin 0 cos 6
* * 2 % * *
X (bmn sin 200 G 277 — @y SiN TG 0 22790 +d,,, cos 2z
a b a b
* 9 * * ©
X sin 2nny; — Cppp COS ‘It;naco cos 211:7;;3/0 )} +icot20 X {(a,.s +d,)

p=1
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] Mz¥ Ny¥ Mx¥ Ny}
x sin 2mp (— ao + T0> + (b,s—¢ys) COS 21tp<— —ao— + bo )}]
e 0 .2 * .2 * . * *
—cot, ao[ 2 X (amn sin %0 sin Yo +b,,, SID 2nma; cos 2nnyg
m=0n=0 a b b
2 ¥ . 2mny¥ * *
+Cppp COS MZ% sin m;)yo +d, cos 2TMIG o 2“;?% >] , (4.11)

where r = pM and s = pN.
In the first double sum in (4.11) values of m and n for which n/m = N/M are
omitted, while the upper and lower terms in

(— (m?b2 + n2a?) sin 6§ cos 0) ( mnab )
) _( 0

mnab m?b% + n2a?) sin @ cos

are taken according to whether n/m is less than or greater than N/ M.

The solution for the situation where tan 8 = — Na/ Mb may be obtained by rotating
the (x*, y*)-axes through in and using the above results (4.10) and (4.11). For the
special case 6§ = 0, the values of # and g, are

* 2r 2n .2
f=a,—€¢ X —m—<bm0 os %0 —d,p0 SN nmx0> +O(e?), (4.12)
m=1 @
b L 2m . 2nmx, . 2nny . 2mnmzx 2nn
= a0m=1n§1;<-—cmn sin % sin 7 —d ., Sin °cos——b—ﬁ

2nmzx, sin 2rny
b

+ @y COS +by, cos

2nma, cos 21'my>
b

2nmzx, . 2nny 2nma, 2nny

o0 )
—cot, ao[ 2 X (amn sin sin — +b,,, 8in cos —
m=0n=0
2 .2 2
+ €y COS n;nxo sin 1tbny +d,,, cos 2an0 cos L:gﬂ , (4.13)

while the values for # = {n may be obtained by rotating the (z, y) axes through an
angle of in. We now examine, in greater detail, two specific examples of spreading
on a surface of the form (4.2).

Example (i). If a = b and if the dimensionless surface elevation { contains only one

Fourier coefficient, so that
. 2my*
sin =2, (4.14)

*
¢ = A sin 2%

then the value of the macroscopic contact angle (determined by (4.7), (4.10) and 4.12))
on such a surface is

242

8= a0—62“a2 cot ay+0(e?) (0 <8 < i), (4.15)

V2nA . 24/2nx,
—€ sin

a a +0(e?) (6 =1in), (4.16)

2,2 42

_ e’n?4 dnz, 1 41tx0} R _
f=oa,+ pr {cot %o (2 cos — 1) + sin g c0os — — +0(?) (@=0). 4.17)
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x*

Fieure 8. For spreading on a solid surface with dimensionless elevation { given by (4.14), the
contact-line positions (projected in the (z*, y*)-plane) at which advancing jumps occur are shown
by the continuous lines while those at which receding jumps occur are shown by broken lines. ¢4 /a
has been chosen to be 0.025, while the microscopic contact angle a, has been taken to be 30°. The
liquid side of the contact lines is to the lower left.

The term O(¢*) in (4.17), while not being given by (4.12), was derived using (3.14).
The contact-line position given by (4.8), (4.11) and (4.13) is found to be

2ma¥ . 2 *
x= x0+eA[ - < s 2220 gin nyo +sin 260 sin —— 212y cos 2“‘2/3{)
sin a, cos 260 a a a
¥ .2
—cot a, sin 0 gin Tryo] +0(€® (0<8<in), (4.18)
* . 21 %*
x = z5—eA cot o, sin %o s1n% +0(e?) (0 =im), (4.19)
* 2 * *
= 1‘0+€A{ - ! cos 2y sin 2790 _ oot a, sin 2"rﬁsi 2“‘%} +0(e?) (8 =0).
sin o a a

(4.20)
Thus we observe that for spreading on this surface the following hold.
(a) There is no contact-angle hysteresis of order e*! except for 6 =in (and

6 = — im), for which there is hysteresis of this order with advancing contact angle
2nAd
ﬂa=a0+€\/ T (4.21)
and receding contact angle
Br = “0_6—“\/ inA : (4.22)

For 6 = in, stick—jump behaviour occurs, with the jumps at z, = 31/ 32+ 2r) for an
advancing contact line and at x, = }4/3a(3 + 27) for a receding contact line (where r
is any integer). The exact position of the contact lines (to order ¢*!) at which these
jumps occur (determined by (4.19)) are shown in figure 8. It is seen that the existance
of hysteresis for § = in is due to the uneven ridges and valleys in the surface, which
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*

Ficure 9. Other contact-line positions (projected in the (x*, y*)-plane) for the case shown in figure
8 (i.e. { given by (4.14) with e4/a = 0.025 and &, = 30°). The continuous lines are for § = 30° (with
Zo/a =0, }4/3 and }4/3) and the broken lines for § = 0°, (with z;/a = 0, } and }). The liquid side
of the contact lines is to the left.

run parallel to the mean contact line when 6 = }r. It is also observed from (4.17) that
there is also contact-angle hysteresis for 6 = 0 (and also for # = jrn) but that this
hysteresis is much smaller, being of order €.

(b) When there is no contact-angle hysteresis (i.e. when 0 < 8 < im) the macroscopic
contact angle is less than or greater than a, according to whether «, is less than or
greater than in. Such behaviour was also noted for the parallel grooved surface
considered in §3 for @ % 0.

(¢) From the contact-line positions (correct to order ¢*') given by (4.18) and shown
in figure 9, it is observed that for a, < 90° the positions of maximum contact-line
advance tend to occur where surface elevation ¢ is 2 minimum and/or where surface
upslope 0f/0x is a maximum. This is the same as observed for the parallel grooved
surface.

Example (ii). If @ = b and if the surface elevation { is given by the double Fourier

sine series © ® rma* 2nny*
sin

(=¥ X a,,sin , (4.23)
m=1n=1 a
where in the area 0 < x* < {a, 0 < y* < a, it represents the function
Ax*(o—x*)y*Ga—y*)

= ) 4.24
Ga)* (*.24)

then the Fourier coefficients a,,, may be determined, and we obtain

L e %* 1 %*

(= 10244 5 S o 1) 8 @54 1) dsin i T DT G 2R T DY 4 05

6
T rT=08=0 a a
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This surface is superficially similar to that given by (4.14) (with both having
maximum and minimum values of + A4 occurring at the same places), except that
an infinite number of Fourier coefficients are now present. For spreading on this
surface (4.25), the macroscopic contact angle # is found to be

5124 28+1
— 2 3
f=a,—¢ 1502 cot a,+0(e?) if ta n0=|=2R+1 (4.26)
_ 2048A[(2R+ 12+ @S+ 1%
ﬁ_a0+€ 15“(2R+1)3(2S+1)3 xO(xO 2) (xO 1) (xO Lo 3)
. 28+1
if tan@ = m , (427)
where T, = [((QR+ 12+ (28 + 1) )iz, /a, (4.28)

and R and 8 are integers = 0.
The result (4.27) is valid only for 0 < # < 1, the value of f outside of this range
being determined by the fact that g is a perlodlc function of z, with period unity.
In addition the contact-line position to order ¢*! is, for tanf + (254+1)/(2R+ 1),

10244 2 & _ - 2 2 2 g -
r=xgtel =X X (2r+1)73(2s+1)73{(2s+1)* cos? — (2r+ 1) sin® 6} !
T8 8in Qg rmg g0
_ : * *
x{( [(2r+ 1)24+ (254 1)?] sin # cos 0) c08271:(21‘+1):l:0 sinzn(28+1)y°
(2r+1)(2s+1) a a
_< (2r+1)(25+1) )Sin2n(2r+1)x(’," c082117(2s+1)y(’,“}
—[(2r+ 1)+ (2s+1)*] sin 6 cos 6 a a
* *
1024A cot o, Z Z (2r+1)"3(2s+1) 3 sin 211:(21':1):1:0 sin 2117(28:—1)?/0]’
T=085=0

(4.29)
where the upper and lower terms are taken according to whether (2s+1)/(2r4+1) is
less than or greater than tan 8. Should tan 8 = (28+1)/(2R+1), where R and S are
integers, then the expression (4.29) may still be used except that terms for which
(2s+1)/(2r+1) = tan 0 are omitted from the first double summation and in their
place an additional term

[512A cot 260

n®  sin a,

® 2
2R+1)228+1)2 3 p=* sin—gﬁ{—(23+1)x3*+(2s+1)y:}]
p=1
is added. It is noted that the above results are qualitatively similar to those for
example (i) except that there are now an infinite number of contact-line orientations
for which there is contact-angle hysteresis, these orientations being determined by
28+1
= -1

f = tan 2RIl (4.30)
where R and 8§ are integers > 0. In general it seems that the number of values of
6 for which hysteresis occurs is determined by the number of non-zero Fourier
coefficients present in (4.1). From (4.27) it is observed that for any value of 6
satisfying (4.30) the contact angle # oscillates as x, is increased (see figure 10) yielding
an advancing contact angle of

eA

B, = oy + _K[(2R+1)2+(2S+1)2]%
a 0 a

CR+1)*(25+1)?

(4.31)
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Ficure 10. Value of
A
(B—a,) 2R+ 1) (28+ 1)3/%[(2R+1)2+(2S+ l)z]é = %f(f+é) z—-1)(x*—z—-1%)

as a function of Z for 0 < Z < 1 (see (4.27)).

and a receding contact angle of
eAK[(2R+1)2+(2S+1)2]%

Be=g— " SR ST (4.32)
24
where K= lé% (34 /30) [5(15 — 21/30)} = 3.3394. (4.33)

Values of 8, f, and g, are given for various values of R and § in table 1. Thus it is
seen that while there is an infinite number of values of & satisfying (4.30) in any small
interval, the magnitude 8, — B, of the contact-angle hysteresis decreases very rapidly
as R and S are increased. Thus the major effect of hysteresis will occur where the
contact-line orientation is 8 = t+1n.

For an advancing contact line with @ satisfying (4.30) the forward jumps of the
contact line occur at

Fy = 34+ [&(15—24/30) ]+ 2" = 0.75955 47/, (4.34)
while for a receding contact line, jumps occur at
%y = 3—[&(15—2/30) +n' = 0.24034 + 7', (4.35)

where Z, is defined by (4.28) and »’ is any integer.

These contact line positions are shown in figure 11. It is observed that the angles
given by (4.30) for which contact-angle hysteresis occurs are precisely those for which
surface roughness is periodic along the contact line (with period
[(2R+1)2+(28+1)2}a). The values of this period together with the distance
a[(2R+ 1)2+ (28 + 1)2]} over which the contact line jumps occur are shown in table 1.

It may be noted in both examples (i) and (ii) that as & approaches a value for which
there is contact-angle hysteresis (at order e*!), the amplitude of the contact-line
waviness tends to infinity. A similar result was obtained for the parallel grooved
surface in §3.
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(ﬂa_ﬂr)/
€A
a
7 derived by Period/a é/a
given by (4.31) =[(2R+1)? derived by AE}/ea A sin a,
(R, 8) (4.30) and (4.32)  +(28+1)p (4.28) given by (6.11)
(0,0) 45° 9.445 1414 0.7071 3.339
(0,1) 18.43° 0.7822 3.162 0.3162 0.1237
(0,2) 11.31° 0.2724 5.099 0.1961 0.02672
0,3) 8.13° 0.1377 7.071 0.1414 0.009736
(0,4) 6.34° 0.08296 9.055 0.1104 0.004581
(0,5) 5.19° 0.05542 11.045 0.09054 0.002509
(0,6) 4.40° 0.03964 13.04 0.07670 0.001 520
0,7) 3.81° 0.02975 15.03 0.06652 0.0009895
(0,8) 3.37° 0.02315 17.03 0.05872 0.0006797
(0,9) 3.01° 0.01853 19.03 0.05256 0.0004869
{0,10) 2.73° 0.01516 21.02 0.04757 0.0003606
ete
(1,1  Included in (0,0)
(1,2) 30.96° 0.01154 5.831 0.1715 0.0009895
(1,3) 23.20° 0.005492 7.616 0.1313 0.0003606
(1,4) Included in (0,1)
(1,5) 15.26° 0.002119 11.40 0.08771 0.00009292
(1,6) 12.99° 0.001502 13.34 0.07495 0.000056 30
(1,7) Included in (0,2)
ete.
(2,2) Included in (0,0)
2,3) 35.54° 0.001340 8.602 0.1162 0.00007789

etc.

TaBLE 1. Details of contact-line jumps for spreading on a solid surface with elevation { given by
(4.25). For each (R, S) values are given of the contact line orientation 6, the dimensionless
contact-angle hysteresis (8, —f;)/(eA/a), the dimensionless periodicity along the contact line, the
dimensionless jump distance §/a and the dimensionless energy release per jump AEY/(ea A sin a,).

5. General rough surfaces

To investigate to what extent the results obtained in §§3 and 4 apply to spreading
on a solid surface with a more general variation of surface elevation §, we will first
express in an alternative form the value of the macroscopic contact angle § given
by (3.14) for a surface with periodicity along the contact line (with £ given by (3.1)).
The Fourier coefficients p,(x), ¢,(x) in (3.14) may be obtained from (3.1) as

2 b . 2nm
Pp(x) = gf {(z, y) sin 5 ydy,
(1]

2 2
tnio) =3 [ GmpeosZhay > ), 1)

1 /]
go(x) = 3[0 {(z, y) dy.
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FicURE 11. For spreading on a solid surface with dimensionless elevation { given by (4.25), the
contact-line positions (projected in the (z*, y*)-plane) at which advancing jumps occur are shown
by the continuous lines while those at which receding jumps occur are shown by broken lines. €4 /a
has been chosen to be 0.025 with a, = 30° (as for the situation shown in figure 8). For the curves
denoted by (a), (R, S) = (0, 0), while for (b), (R, S) = (0, 1) and for (¢), (R, S) = (0, 2).

Then, by direct substitution of these values, we obtain

3 [(Bhleo y)+galan, 9]

bog 2nn(y —y*) *
5 4y 1 Z g1y

g 18 )2
(ax o) 62
where the summation has been done using the result
Y cosnA=—34+mdAd) (—m<A<m). (6.3)
n=1

The bar over symbols in (5.2) denotes the average value with respect to y over one
period on the mean contact line x = x,. In a similar manner the various other terms
appearing in (3.14) may be obtained as

5 2(12 2 b2 a 2
,El" (Patqn) = 5;2<5§z-x> ; (5.4)
=) ” 2€ azg
T (PaPitandn) =2Wemsiy  —2mns (5.5)
n=1 =1, z=1,,
. _ O
9% = 8rmzp = o, (5.6)
8 2 (He 9
I Pupatdndn) == 3 Mln (2 sin H\) du (5.7)
ne=1 u=—jp 0% b
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where h(u, x,) is the surface-slope correlation

0 0
= 5%(170’ y)é (o, y+u). (5.8)

h(u, xo)

In deriving (5.7), we have made use of the result

[o o]
g cosm_ @sinA) (—m <A <m). (5.9)

n=1 T

Substituting the values given by (5.2) and (5.4)~(5.7) into (3.14) we obtain an
alternative expression for the macroscopic contact angle as

E3 ¢ & R A\
ﬂ—ao—ea— +e2[1 cota0<ax ) + cot a, e %cota[,(@)

1 j‘*’*” Oh(u, x4) In (2

2msinog )y O

. RU|
SN —

b

)du] +0(e%), (5.10)

where all quantitites are evaluated on the mean contact-line position x = x,. In order
to determine the value of g for a rough solid surface that does not show any periodicity
along the contact line, we shall consider the limit of the period b tending to infinity.
Thus it is necessary to obtain the asymptotic form for b— co of the integral

+ib
[= j Ohlu, z), <2 .

157
1n ——
—1b a.’L‘o

) du (5.11)

appearing in (5.10).
For this purpose, we define a new slope-correlation function A*(u, x,) as

o a?} {aé 55}
* =2 —=2W{= — ==
h*(u, z,) {ax (o> ¥) %! 172 (%9, Y +u) 3l (5.12)
which may be written alternatively as _
o8\?
h*(u, x4) = h(u, xo)—(a> . (5.13)
By direct substitution of A*(u, z,), we may show that
+5b
h*(u, z,)du = 0, (5.14)
-1b
while, by econtour integration, we obtain
1b
r In (2 sin Tt_uD du = 0.
- b
In addition, it follows from the definition (5.12) that
h*(—u, xy) = h*(+u, x,). (5.16)
The integral I in (5.11) may now be manipulated using the results (5.13)~(5.16) to
give ; o v - b . mu
= 2@; . (u, x4) In (Emn—b—) du, (5.17)
which in the limit of 5 co gives
lim I = 2i h*(u, 24) In udu. (5.18)
b 0y J o
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It has been assumed here that as u > 00, the slope correlation A*(u, x,) tends to zero
sufficiently fast to make the integral in (5.18) convergent. Assuming that this is the
case, then for a general rough surface with no periodicity along the mean contact line,
the results (5.10) for the macroscopic contact angle £ reduces to

'3=a0_62__§+62[ cota(,(ag 2—§> + cot o€ §

©§>2 1
_1 % 3
cot a, <ay + T sin o axj h*(u, z) In udu:l +0(3), (5.19)

where all quantities are evaluated at the mean contact-line position = x,. It may
be shown that

so that (5.19) may be written as

ﬂ:ao—e%§+ez[%cotao{—<_g—_§>2—<g——§7 <g§> ngz}
ns111a0

axf h*(u, x) lnudu] +0(e?). (5.20)

Should the solid surface be homogeneous in the sense that statistical properties of
¢ are independent of position (i.e. {, {® and A*(u, 2) are independent of x) then 8 is

given by f = o —eth cob g {@_9—2 N @_57} (5.21)

which, being independent of z,, indicates no contact-angle hysteresis for spreading
on such a surface. However, care must be used in interpreting this result since this
lack of contact-angle hysteresis may result from the implicit assumption used in the
theory that the deviation of the contact line from its mean straight-line position is
everywhere very much smaller than the roughness wavelength. This assumption was
necessary in order to make Taylor expansions of the boundary conditions. Further
investigation is required to resolve the question as to whether the removal of this
assumption results in the prediction of contact-angle hysteresis. It is noted, however,
that the surface roughness causes, on the basis of the present theory, a change of
contact angle from the value &, by an amount O(e?), with f# being smaller or larger
than a, according to whether «, is less than or greater than ir.

6. Comparison with Wenzel’s equation

If, for the spreading of a liquid on a rough solid surface, it is assumed that there
is no contact-angle hysteresis, so that the macroscopic contact angle, f* say, is a
constant, then it has been shown by Wenzel (1936) that §* is related to a, by the
relation

cos f* = %cos Qs (6.1)
P
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where A is the actual area of the solid surface and A, its projected area on the
(z, y)-plane. This relation was derived by considering a small advance of the liquid
interface and by equating the work done by the liquid—air interfacial tension to the
increase of surface energy of the system. For rough surfaces with small slope angles
of order ¢ considered in this paper this result (6.1) takes the form

p* = a;—e?l cot <<g§)2+ <g_y 2> (6.2)

where the angle brackets { ) denote an area average. For a homogeneous general
random surface this result is identical with (5.21). In addition (6.2) may also be shown
to agree with the value of # given by (3.20) for a parallel grooved surface (with 8 % 0)
and with the value of £ given by (4.7) for a doubly periodic surface (for which
tan @ = Na/Mb and 6 =+ 0, ir). Thus in all cases we have considered for which there
is no contact-angle hysteresis, the results obtained agree, as they should, with
Wenzel’s equation (6.1). However, when hysteresis is predicted, the values of the
advancing and receding contact angles will be different from the value of g* given
by (6.1). Thus for an advancing contact angle of f,, if the contact line (over a given
part of its length) advances over a projected area A, then the work done by the
interfacial tension o of the liquid-air interface is —a 4, cos #,. The corresponding
increase in the surface energy of the system is then (o5, — 054 ) Ag, Where ogp, and og,
are respectively the surface energies per unit area of the solid-liquid and solid-air
interfaces. The excess work AE, done on the system is thus

AE& = —O'Ap cOos ﬂa_(USL_USA) As. (6‘3)

When there is no hysteresis, so that the contact angle is £* given by (6.1), the value
of AE, is zero, whence

0=—04, cos f*— (05, —0g,) 4s. (6.4)
Thus AE, = 0 A, (cos f*—cos f,), (6.5)

which being strictly positive implies that g, > *. Similarly for a receding contact
line the excess work AE, done is

AE, = o Ay(cos f,—cos f*), (6.6)

where g, is the receding contact angle. This quantity AE, being strictly positive
implies that g* > .. For rough surfaces of small slope angle ¢, since the values of
B*. Ba, fr and o, only differ by a small amount, (6.5) and (6.6) may be written as

AE, = oA (f,— f*)sin ay, (6.7)
AE, = 0 Ay (f*— f,) sin a,. (6.8)

For both advancing and receding contact lines, this excess energy A is lost during
the jumping of the contact line, which is a dynamic process in which the motion of
the liquid is important. Thus this energy may be (i) radiated away as a capillary wave
along the liquid—air surface and/or (ii) converted to heat by viscous dissipation in
the liquid (see Huh & Mason 1977a). If the length of a contact-line jump is & then
the energy AE* réleased per unit length of contact line in a single jump is, for an

advancing contact line, .
AE¥ = od(f, — f*) sin a,, (6.9)
and, for a receding contact line,

AE¥ = od(f*— B,) sin a,,. (6.10)
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As an example, consider the doubly periodic surface described by (4.23) and (4.24)
(i.e. example (ii) of §4) with tan 6 = (28+1)/(2R + 1), so that there is contact-angle
hysteresis. Then from the results (4.31)—(4.33), it is seen that

eg A sin a,
2R+ 1) (2S+1)*

AEY = AEF = 3.3394 (6.11)
The value of this amount of energy released in a jump (listed in table 1) very rapidly
decreases as the values of the integers R and S are increased.

7. Conclusions

For the slow spreading of a liquid on a solid surface, we have investigated the effect
that roughness of the surface has on the macroscopic contact angle. In order to do
this, it was assumed that (i) the value of the microscopic contact angle a, was
everywhere constant and (ii) the characteristic slope of the surface roughness ¢ was
small.

It was found for spreading on a parallel grooved surface with the contact line
parallel to the grooves that the macroscopic contact angle would oscillate by an
amount of order € as the contact line advanced. This indicates that contact-angle
hysteresis (of order €) and stick—jump behaviour of the contact line can be expected.
However, for contact lines in all other directions, no such phenomenon occurs, so that
no hysteresis or stick—jump behaviour would be evident. Thus it would be expected
that an expanding drop on a parallel grooved surface would not be able to spread
so well in the direction perpendicular to the grooves (where the contact line is parallel
to the groove direction). Hence the drop perimeter will be flattened at such positions.
In fact, drops of such a shape have been observed on parallel grooved surfaces by
Oliver et al. (1977).

For spreading on a doubly periodic rough surface there are in general an infinite
number of contact-line directions (with # = +tan"'(Na/Mb), where N and M are
integers) for which there is contact-angle hysteresis (of order €¢) with all other
contact-line directions showing no hysteresis at all. The larger the values of N and
M, the smaller will be the corresponding contact-angle hysteresis. However, for
special doubly periodic surfaces for which the number of Fourier coefficients is finite,
the number of contact-line orientations for which there is hysteresis is also finite.

For the above examples it was observed that for any given equilibrium position
of the contact line the positions of maximum contact-line advance tend to occur in
regions where the surface elevation is a minimum (for a, < in) and/or the regions
where the surface upslope (from liquid to air) normal to the contact line is a
maximum.

By considering a periodic rough surface and letting its period tend to infinity, we
obtained results for spreading on a general non-periodic rough surface. These
indicated no contact-angle hysteresis on such a surface. However, this conclusion may
merely result from an implicit assumption made in the theory that the deviation of
the contact line from its mean straight-line position is everywhere very much smaller
than the roughness wavelength. Thus, while contact-angle hysteresis is predicted (at
least for some contact-line orientations) for spreading on periodic surfaces, the
existence and nature of possible hysteresis on more general surface roughness has yet
to be established.

1t was noted that in all cases where there was no contact-angle hysteresis, the value
of the predicted macroscopic contact angle was different from ay by an amount which
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is determined by Wenzel’s (1936) equation. For situations where there is contact-angle
hysteresis, the amount of energy liberated during a single contact-line jump was
calculated.

While in this paper we have, for convenience, considered the movement of a
liquid—air interface across a rough solid surface, all results will of course apply to the
movement of any liquid-fluid interface across a rough solid surface.

- Finally it should be pointed out that, for a drop of volume K3 resting on a rough
surface, a change in macroscopic contact angle of order e¢ (corresponding to the
possible variations in £ due to hysteresis, as predicted for the doubly periodic rough
surface) would cause a change in contact-line position of order eR. For many possible
equilibrium positions to exist, there must be many roughness wavelengths in this
distance ¢R (since for any g, the distance between equilibrium contact-line positions
is of the order of the roughness wavelength). Thus for many possible equilibrium
positions of the drop, we require

€R > 1. (7.1)

As mentioned in §1, this condition was violated by Huh & Mason (1977a), who
considered ¢—~>0 with I/R fixed. This explains why they failed to obtain multiple
equilibrium positions.

This work was supported by the National Sciences and Engineering Research
Council of Canada under Grant A7007.
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